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Abstract
We present a complete set of exact and fully non-linear equations describing all three types of cosmological
perturbations – scalar, vector and tensor perturbations. We derive the equations in a thoroughly gauge-ready
manner, so that any spatial and temporal gauge conditions can be employed. The equations are completely
general without any physical restriction except that we assume a flat homogeneous and isotropic universe
as a background. We also comment briefly on the application of our formulation to the non-expanding
Minkowski background.
1 Introduction
The theory of cosmological perturbations is based on the cosmological principle, viz. a homogeneous and
isotropic universe on very large scales [1]. Namely, given an expanding homogeneous and isotropic background,
we introduce small deviations from this geometric background as well as those in the corresponding matter
sector, and study the evolution of these perturbations. First pioneered by Lifshitz in 1940s [2], the linear
cosmological perturbation theory culminated in the astonishing agreement with the observations on the angular
power spectrum of the temperature fluctuations and polarizations in the cosmic microwave background (CMB),
e.g. see [3].
Furthermore, the recent advances in cosmological observations demand theoretical endevour to understand
non-linear regime of cosmological perturbations. One reason is because even for the CMB observations the
technical development has become mature enough to search for small but non-zero signature of the primordial
non-Gaussianity, e.g. [4]. Also, the large-scale distribution of galaxies, which is one of the prime observational
probes to understand the physics of the universe, involves non-linear evolution to form gravitationally bound
system like clusters of galaxies. This becomes obvious on small scales where the prediction of the linear theory
deviates from the matter power spectrum from N-body simulations (see e.g. [5]). Especially, as the planned
galaxy surveys such as DESI [6], LSST [7] and Euclid [8] are to probe very large volume accessing the scales
comparable to the horizon, it is called for that we describe the evolution of non-linear cosmological perturbations
in fully general relativistic context.
With general relativity being a gauge theory, that is, we are allowed to adopt any coordinate system to
describe the physics, it is essential to clarify which gauge we are using to formulate the evolution of cosmological
perturbations and to interpret the data from surveys. A systematic approach to make use of physically motivated
gauge choices with gauge-invariant perturbation variables was made in [9], and it was subsequently argued [10]
that one should make use of various gauges to investigate the problem most conveniently. This approach of
keeping the advantage of gauge-ready formulation has been extended to second-order perturbations in [11, 12],
with the solutions for the scalar perturbations found in [13, 14, 15]. In particular, in [16] the perturbation
equations were presented valid for all order in perturbations in a gauge-ready form. But [16] was incomplete in
the sense that the tensor components of cosmological perturbations were not included and we miss the critical
information on them, and that from the beginning a specific spatial gauge condition was chosen which leaves
no gauge degrees of freedom [see (46)].
In this article, we provide exact and fully non-linear relativistic description of cosmological perturbation the-
ory by including all three types of perturbations without choosing any spatial and temporal gauge conditions.
Our exact equations do not assume that cosmological perturbations are small and can be extended to arbitrary
higher order in perturbations, so fully non-linear cosmological perturbations can be easily studied. Thus our
purpose in this article is to provide the general and necessary building blocks for studying perturbations analyt-
ically and/or numerically in highly non-linear regime in cosmology (or astrophysics: see Section 4). The outline
of this article is as follows. In Section 2, we first derive the exact inverse metric including tensor perturbations,
which is an essential step to derive the exact perturbation equations for cosmological perturbations in Section 3.
We summarize the implications of our results in Section 4. Throughout the article, we set c = 1.
2 Derivation of exact inverse metric
The Arnowitt-Deser-Misner (ADM) formulation [17] is based on splitting the space-time into the spatial and
temporal parts using the unit normal four-vector field nµ to constant-time three-hypersurfaces,
nµ = (−N, 0) and n
µ =
(
1
N
,−
N i
N
)
, (1)
where N and N i are respectively the lapse and the shift [see (2)] with nµnµ = −1. The ADM formulation
provides the exact non-linear equations of general relativity. However, its application to cosmology has to be
dealt with order by order in perturbations, because no exact solution for the inverse spatial metric has been ever
derived before. Here we derive its exact expression, and in the following section present the exact equations for
cosmological perturbations.
1
The line element can be written as
ds2 = −N2(dx0)2 + hij
(
N idx0 + dxi
) (
N jdx0 + dxj
)
, (2)
so that each component of the metric is exactly found as
g00 = −N
2 +N iNi , g0i = Ni , gij = hij ,
g00 = −
1
N2
, g0i =
N i
N2
, gij = hij −
N iN j
N2
,
(3)
with the spatial indices of the ADM variables being raised and lowered by the spatial metric hij , e.g. N
i = hijNj .
Our metric convention of a flat Friedmann universe including fully non-linear perturbations is
ds2 = −a2(1 + 2α)dη2 − 2a2Bidηdx
i + a2
[
(1 + 2ϕ)δij + 2γ,ij + 2C
(v)
(i,j) + 2Cij
]
dxidxj , (4)
where dx0 = dη ≡ dt/a is the conformal time and a(η) is the cosmic scale factor. The superscript (v) denotes
transverse vector, and the pure tensor perturbation Cij is transverse and traceless (TT). The indices of the
perturbation variables in (4) are raised and lowered by δij as the metric tensor. With Bi being decomposed
into the gradient of a scalar and a transverse vector as Bi = β,i +B
(v)
i , the shear χi is written as
χi ≡ a
(
Bi + aγ˙,i + aC˙
(v)
i
)
= a
(
β + aγ˙
)
,i
+ a
(
B
(v)
i + aC˙
(v)
i
)
≡ χ,i + χ
(v)
i . (5)
The perturbation variables are general functions of space and time, and we do not assume these to be small in
amplitudes. As can be read from (3), an essential step to write the fully non-linear, exact equations is to find the
exact inverse spatial metric hij . Comparing with (3), the exact inverse metric gµν then follows automatically.
For a general invertible 3×3 matrixMij the inverse matrix can be written as, explicitly writing the cofactor,(
M−1
)
ij
=
ǫilmǫjpqMplMqm
2 det [Mij ]
with det [Mij ] =
1
3!
ǫilmǫjpqMplMqmMij . (6)
Then, with Yij ≡ γ,ij + C
(v)
(i,j) + Cij , we find
det [hij ] = a
6
[
(1 + 2ϕ+∆γ)2 + (∆γ)2 − 2Y klYkl
]{
1 + 2
[
ϕ+
2
3
(∆γ)3 − 3(∆γ)Y klYkl + 2YklY
k
mY
lm
(1 + 2ϕ+∆γ)2 + (∆γ)2 − 2Y pqYpq︸ ︷︷ ︸
≡ϕ̂
]}
,
ǫilmǫ
j
pqhplhqm = 2a
4
[
(1 + 2ϕ+∆γ)2 + (∆γ)2 − 2Y klYkl
][
δij −2
(1 + 2ϕ+ 2∆γ)Y ij − 2Y ikY jk
(1 + 2ϕ+∆γ)2 + (∆γ)2 − 2Y lmYlm︸ ︷︷ ︸
≡Hij
]
,
(7)
so that the exact inverse of the spatial metric is
hij =
δij +Hij
a2(1 + 2ϕ̂)
. (8)
The indices of Yij and H
ij are raised and lowered by δij . One can explicitly check that indeed h
ikhkj = δ
i
j , so
(8) is the exact inverse spatial metric.
With (8), by comparing with (3) we have
N = a
√
1 + 2α+
δij +Hij
a2(1 + 2ϕ̂)
χiχj ≡ aN ,
Ni = −aχi ,
N i = −
δij +Hij
1 + 2ϕ̂
χj
a
,
(9)
2
so that each component of the inverse metric is exactly given by
g00 = −
1
a2N 2
,
g0i = −
δij +Hij
a2N 2(1 + 2ϕ̂)
χj
a
,
gij =
1
a2(1 + 2ϕ̂)
[
δij +Hij −
(δik +Hik)(δjl +Hjl)
a2N 2(1 + 2ϕ̂)
χkχl
]
.
(10)
Having obtained the exact inverse metric, now we can proceed to find the fully non-linear and exact perturbation
equations.
3 Exact non-linear equations
Here we present the exact non-linear equations for cosmological perturbations. After a brief introduction of
the ADM equations in Section 3.1, we present the ADM quantities in terms of cosmological perturbations in
Section 3.2. A complete set of exact equations of cosmological perturbation is presented in Section 3.3.
3.1 ADM equations
In the ADM formulation, the dynamics of the space-time is described by the spatial metric hij through the
curvature variables of the spatial hypersurfaces. Along with the matter contents residing in the space-time,
the geometric equations for the curvature variables constitute a complete set of the equations of motion. The
extrinsic curvature Kij is introduced as
Kij ≡
1
2N
(Ni:j +Nj:i − hij,0) , (11)
where a colon denotes a covariant derivative based on hij . The trace K and trace-free part Kij are respectively
K ≡ hijKij and Kij ≡ Kij −
1
3
hijK . (12)
The connection based on hij as the metric is written as Γ
i
jk ≡ h
il/2 (hjl,k + hkl,j − hjk,l), from which the
intrinsic curvature tensor and scalar are given by
Rijkl ≡ Γ
i
jl,k − Γ
i
jk,l + Γ
m
jlΓ
i
km − Γ
m
jkΓ
i
lm ,
Rij ≡ R
k
ikj ,
R ≡ hijRij .
(13)
The trace-free part Rij is written in the same way as Kij , i.e. Rij = Rij − hijR/3.
The energy-momentum tensor is expanded in terms of the fluid quantities as
Tµν = (µ+ p)uµuν + pgµν + πµν , (14)
with the unit fluid four-velocity satisfying uµuµ = −1 and the anisotropic stress satisfying π
µ
µ = 0 and
πµνu
µ = 0. The ADM fluid quantities are defined in terms of the energy-momentum tensor and the normal
vector as
E ≡ nµnνT
µν ,
Ji ≡ −nµT
µ
i ,
Sij ≡ Tij ,
(15)
where the indices of the momentum density Ji and the spatial energy-momentum tensor Sij are raised and
lowered by hij . We can also construct in the same way as for Kij and Rij the trace and trace-free part of Sij ,
denoted by S and Sij respectively.
A complete set of the six ADM equations can be written exactly in terms of these ADM geometric and fluid
quantities as follows [9, 11]:
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1. Energy constraint: This equation relates the energy density of the fluid to the geometry, i.e. curvature,
R = K
i
jK
j
i −
2
3
K2 + 16πGE + 2Λ , (16)
where Λ is a cosmological constant.
2. Momentum constraint: This equation gives the relation between the momentum density and the curvature,
K
j
i:j −
2
3
K,i = 8πGJi . (17)
3. Trace evolution: This gives the trace part of the equation of motion for the spatial metric hij . The
evolution of the extrinsic curvature K is described by this equation,
K,0
N
−
K,iN
i
N
+
N :i:i
N
−K
i
jK
j
i −
1
3
K2 − 4πG(E + S) + Λ = 0 . (18)
4. Trace-free evolution: This is the traceless part of the equation of motion of hij , in terms of the traceless
part of the extrinsic curvature Kij . As the name stands, this equation identically vanishes for i = j,
K
i
j,0
N
−
K
i
j:kN
k
N
+
K
k
jN
i
:k
N
−
K
i
kN
k
:j
N
= KK
i
j −
1
N
(
N :i:j −
δij
3
N :k :k
)
+R
i
j − 8πGS
i
j . (19)
5. Energy conservation: This equation corresponds to the time component of the energy-momentum tensor
conservation equation and tells us how the energy density evolves,
E,0
N
−
E,iN
i
N
−K
(
E +
1
3
S
)
− S
i
jK
j
i +
(
N2J i
)
:i
N2
= 0 . (20)
6. Momentum conservation: This spatial component of the conservation equation gives the equation of
motion of the three-velocity of the fluid,
Ji,0
N
−
Ji:jN
j
N
−
JjN
j
:i
N
−KJi +
EN,i
N
+ Sji:j +
SjiN,j
N
= 0 . (21)
These equations are exact and fully non-linear. To investigate, however, the evolution of cosmological pertur-
bations we need to express these equations in terms of the standard variables for cosmological perturbations
presented in the previous section.
3.2 ADM quantities
Here we present the ADM quantities in terms of the perturbation variables.
The normal four-vector is
nµ = (−aN , 0) ,
nµ =
(
1
aN
,
δij +Hij
aN (1 + 2ϕ̂)
χj
a
)
.
(22)
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The intrinsic three-curvature tensor and scalar are
Rij =
[
δkl +Hkl
1 + 2ϕ̂
(ϕ,iδjl + ϕ,jδil − ϕ,lδij + Yjl,i + Yil,j − Yij,l)
]
,k
−
[
δkl +Hkl
1 + 2ϕ̂
(
ϕ,iδkl + Ykl,i
)]
,j
+
δlm +H lm
(1 + 2ϕ̂)2
(ϕ,iδjm + ϕ,jδim − ϕ,mδij + Yjm,i + Yim,j − Yij,m)
(
δkn +Hkn
)(
ϕ,lδkn + Ykn,l
)
−
(δkm +Hkm)(δln +H ln)
(1 + 2ϕ̂)2
(ϕ,iδlm + ϕlδim − ϕ,mδil + Ylm,i + Yim,l − Yil,m)
× (ϕ,jδkn + ϕ,kδjn − ϕ,nδjk + Ykn,j + Yjn,k − Yjk,n) , (23)
R =
δij +Hij
a2(1 + 2ϕ̂)
Rij , (24)
R
i
j =
δik +Hik
a2(1 + 2ϕ̂)
Rjk −
δij
3
R . (25)
The extrinsic three-curvature tensor and scalar are
Kij = −
a2
N
[
(H + ϕ˙+ 2Hϕ) δij + Y˙ij + 2HYij +
χ(i,j)
a2
−
δkl +Hkl
a2(1 + 2ϕ̂)
χk (ϕ,iδjl + ϕ,jδil − ϕ,lδij + Yjl,i + Yil,j − Yij,l)
]
,
(26)
K = −3H + 3H
(
1−
1
N
)
−
δij +Hij
N (1 + 2ϕ̂)
[
ϕ˙δij + Y˙ij +
χi,j
a2
−
δkl +Hkl
a2(1 + 2ϕ̂)
χk (2ϕ,iδjl − ϕ,lδij + 2Yil,j − Yij,l)
]
≡ −3H + κ , (27)
K
i
j = −
δik +Hik
N (1 + 2ϕ̂)
[
ϕ˙δjk + Y˙jk +
χ(j,k)
a2
−
δlm +H lm
a2(1 + 2ϕ̂)
χm (ϕ,jδkl + ϕ,kδjl − ϕ,lδjk + Ykl,j + Yjl,k − Yjk,l)
]
+
δij
3
δkl +Hkl
N (1 + 2ϕ̂)
[
ϕ˙δkl + Y˙kl +
χk,l
a2
−
δmn +Hmn
a2(1 + 2ϕ̂)
χm (2ϕ,kδln − ϕ,nδkl + 2Ykn,l − Ykl,n)
]
. (28)
The fluid three-velocity V i measured by the Eulerian observer with normal four-vector nµ is defined by [18]
V i ≡
h(n)iµu
µ
−nµuµ
=
1
N
(
ui
u0
+N i
)
, (29)
where h
(n)
µν = gµν + nµnν is the projection tensor normal to nµ. The index of V
i is raised and lowered by hij .
We introduce the perturbed fluid velocity as
Vi = hijV
j ≡ avi , (30)
whose index is raised and lowered by δij . Then each component of the fluid four-velocity is
ui = aγvi , u0 = −aNγ
[
1 +
δij +Hij
aN (1 + 2ϕ̂)
χivj
]
,
ui =
δij +Hij
a(1 + 2ϕ̂)
γ
(
vj +
χj
aN
)
, u0 =
γ
aN
,
(31)
where we have introduced the Lorentz factor
γ ≡ −uµnµ =
(
1−
δij +Hij
1 + 2ϕ̂
vivj
)−1/2
. (32)
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With the anisotropic stress introduced as
πij ≡ a
2Πij ,
π0i = a
δjk +Hjk
N (1 + 2ϕ̂)
vkΠij ,
π00 = −
(δik +Hik)(δjl +Hjl)
(1 + 2ϕ̂)2
vk
(
vl +
χl
aN
)
Πij ,
πij =
δik +Hik
1 + 2ϕ̂
Πjk +
(δik +Hik)(δlm +H lm)
(1 + 2ϕ̂)2
χk
aN
vmΠjl ,
(33)
the energy-momentum tensor becomes
T 00 = −µ− (µ+ p)
(
γ2 − 1 +
δij +Hij
1 + 2ϕ̂
χi
aN
γ2vj
)
−
(δij +Hij)(δkl +Hkl)
(1 + 2ϕ̂)2
vj
(
vl +
χl
aN
)
Πik , (34)
T 0i = (µ+ p)γ
2vi +
δjk +Hjk
N (1 + 2ϕ̂)
vkΠij , (35)
Tij = a
2
[
(1 + 2ϕ)pδij + (µ+ p)γ
2vivj + 2pYij +Πij
]
. (36)
The ADM fluid quantities can be written as
E = µ+ (µ+ p)
(
γ2 − 1
)
+
(δij +Hij)(δkl +Hkl)
(1 + 2ϕ̂)2
vjvlΠik , (37)
Ji = a(µ+ p)γ
2vi + a
δjk +Hjk
1 + 2ϕ̂
vkΠij , (38)
Sij = pδ
i
j +
δik +Hik
1 + 2ϕ̂
[
(µ+ p)γ2vjvk +Πjk
]
. (39)
3.3 Exact equations for cosmological perturbations
Given the expressions for the ADM geometric and fluid quantities in terms of cosmological perturbations, now
we can simply substitute them in the exact fully non-linear equations presented in Section 3.1. With the
perturbation in the scalar extrinsic curvature κ being given in (27), a complete set of equations follows from
the ADM equations (16)-(21) respectively:
R = K
i
jK
j
i−
2
3
(
9H2 − 6Hκ+ κ2
)
+16πG
[
µ+ (µ+ p)
(
γ2 − 1
)
+
(δij +Hij)(δkl +Hkl)
(1 + 2ϕ̂)2
vjvlΠik
]
+2Λ , (40)
K
j
i,j +
δkl +Hkl
1 + 2ϕ̂
(
ϕ,jδkl + Ykl,j
)
K
j
i −
δkl +Hkl
1 + 2ϕ̂
K
j
k (ϕ,jδil + ϕ,iδjl − ϕ,jδij + Yil,j + Yjl,i − Yij,l)−
2
3
κ,i
= 8πG
[
a(µ+ p)γ2vi + a
δjk +Hjk
1 + 2ϕ̂
vkΠij
]
, (41)
−
3
N
H˙ +
1
N
[
κ˙+
δij +Hij
a2(1 + 2ϕ̂)
χjκ,i
]
−K
i
jK
j
i +
(
−3H2 + 2Hκ−
κ2
3
)
+
δij +Hij
a2N (1 + 2ϕ̂)
[
N,ij −
δkl +Hkl
1 + 2ϕ̂
(ϕ,iδjl + ϕ,jδil − ϕ,lδij + Yil,j + Yjl,i − Yij,l)N,k
]
− 4πG
{
µ+ 3p+ (µ+ p)
(
γ2 − 1
)
+
δij +Hij
1 + 2ϕ̂
[
(µ+ p)γ2vivj +Πij +
δkl +Hkl
1 + 2ϕ̂
vjvlΠik
]}
+ Λ = 0 , (42)
6
[
1
N
∂
∂t
+
δkl +Hkl
a2N (1 + 2ϕ̂)
χl
∂
∂xk
+ (3H − κ)
]
K
i
j −
1
a2N
(
δil +Hil
1 + 2ϕ̂
χl
)
,k
K
k
j +
1
a2N
(
δkl +Hkl
1 + 2ϕ̂
χl
)
,j
K
i
k
=−
δik +Hik
a2N (1 + 2ϕ̂)
[
N,jk −
δlm +H lm
1 + 2ϕ̂
(ϕ,jδkm + ϕ,kδjm − ϕ,mδjk + Yjm,k + Ykm,j − Yjk,m)N,l
]
+
δij
3
δkl +Hkl
a2N (1 + 2ϕ̂)
[
N,kl −
δmn +Hmn
1 + 2ϕ̂
(ϕ,kδln + ϕ,lδkn − ϕ,nδkl + Yln,k + Ykn,l − Ykl,n)N,m
]
+R
i
j − 8πG
{
δik +Hik
1 + 2ϕ̂
[
(µ+ p)γ2vjvk +Πjk
]
−
δij
3
δkl +Hkl
1 + 2ϕ̂
[
(µ+ p)γ2vkvl +Πkl
]}
, (43)
1
N
[
∂
∂t
+
δij +Hij
a2(1 + 2ϕ̂)
χj
∂
∂xi
] [
µ+ (µ+ p)
(
γ2 − 1
)
+
(δkl +Hkl)(δmn +Hmn)
(1 + 2ϕ̂)2
vlvnΠkm
]
+ (3H − κ)
{
(µ+ p)γ2 +
δij +Hij
1 + 2ϕ̂
[
1
3
(µ+ p)γ2vivj +
1
3
Πij +
δkl +Hkl
1 + 2ϕ̂
vjvlΠik
]}
−
{
δik +Hik
1 + 2ϕ̂
[
(µ+ p)γ2vjvk +Πjk
]
−
δij
3
δkl +Hkl
1 + 2ϕ̂
[
(µ+ p)γ2vkvl +Πkl
]}
K
j
i
+
δij +Hij
a(1 + 2ϕ̂)
{[
(µ+ p)γ2vi +
δkl +Hkl
1 + 2ϕ̂
vlΠik
]
,j
+ 2
[
(µ+ p)γ2vi +
δkl +Hkl
1 + 2ϕ̂
vlΠik
]
N,j
N
−
δkl +Hkl
1 + 2ϕ̂
(ϕ,iδjl + ϕ,jδil − ϕ,lδij + Yjl,i + Yil,j − Yij,l)
[
(µ+ p)γ2vk +
δmn +Hmn
1 + 2ϕ̂
vnΠim
]}
= 0 ,
(44)
[
1
N
∂
∂t
+
δjk +Hjk
a2N (1 + 2ϕ̂)
χk
∂
∂xj
+ (3H − κ)
]{
a
[
(µ+ p)γ2vi +
δmn +Hmn
1 + 2ϕ̂
vnΠim
]}
+
δjk +Hjk
aN (1 + 2ϕ̂)
{
χk,i
[
(µ+ p)γ2vj +
δmn +Hmn
1 + 2ϕ̂
vnΠjm
]
−
δlp +H lp
1 + 2ϕ̂
(ϕ,iδjp + ϕ,jδip − ϕ,pδij + Yjp,i + Yip,j − Yij,p)
×
[
χk
(
(µ+ p)γ2vl +
δmn +Hmn
1 + 2ϕ̂
vnΠlm
)
+ χl
(
(µ+ p)γ2vk +
δmn +Hmn
1 + 2ϕ̂
vnΠkm
)]}
+
[
µ+ (µ+ p)
(
γ2 − 1
)
+
(δjm +Hjm)(δkl +Hkl)
(1 + 2ϕ̂)2
vjvlΠkm
]
N,i
N
+
[
∂
∂xj
+
δkl +Hkl
1 + 2ϕ̂
(ϕ,jδkl + Ykl,j) +
N,j
N
]{
pδji +
δjm +Hjm
1 + 2ϕ̂
[
(µ+ p)γ2vivm +Πim
]}
−
δkl +Hkl
1 + 2ϕ̂
(ϕ,iδkl + ϕ,jδil − ϕ,lδij + Yjl,i + Yil,j − Yij,l)
{
pδjk +
δjm +Hjm
1 + 2ϕ̂
[
(µ+ p)γ2vkvm +Πkm
]}
= 0 .
(45)
These exact and fully non-linear equations of cosmological perturbations are the main result of this article.
Together with (27) the above set of equations is complete in the sense that if we provide the equation of states,
i.e. p and Πij , after choosing spatial and temporal gauge conditions, these equations can be solved exactly
– more practically, order by order perturbatively. We have checked that the non-linear equations in other
literatures are successfully reproduced [19].
The spatial gauge condition1
γ = 0 and C
(v)
i = 0 (46)
completely eliminates the spatial gauge degree of freedom [11] with the non-TT part of the spatial metric
being isotropic, where we have Yij = Cij . Together with a temporal gauge out of several choices (see below),
1 Note that different spatial gauge conditions may have physical implications in the non-linear regime, such as Eulerian and
Lagrangian observers in the comoving and comoving-synchronous gauge [20, 21].
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(46) is unique in the sense that both the spatial and temporal gauge modes are completely fixed, thus each
remaining variable has a unique gauge-invariant combination to all perturbation orders. Thus while not the
only possible choice though, (46) can be regarded as physically transparent and convenient. A list of widely
adopted temporal gauges is given in Table 1, where we have decomposed, like the shear χi (5), the velocity vi
into the scalar gradient and transverse vector as vi = −v,i + v
(v)
i and the energy density µ into the background
and perturbation, µ = µb + δµ. For example, under (46) using the comoving gauge in the matter-dominated
universe where p = 0 and Πij = 0 with vanishing vector perturbations, we have vi = 0 and the fluid quantities
are greatly simplified to give
E = µ and Ji = Sij = 0 . (47)
This gives from the momentum conservation equation (45) N is constant, which we may set to be 1 without
losing generality. Thus the coordinate time precisely coincides with the proper time [21] so that we can up to
second order, in the absence of the tensor perturbations, reproduce the Newtonian hydrodynamical equations,
giving rise to the correspondence between the Newtonian and relativistic cosmologies [11, 22].
Gauge Condition
Synchronous gauge α = 0
Comoving gauge v = 0
Zero-shear gauge (Newtonian gauge) χ = 0
Uniform-expansion gauge κ = 0
Uniform-curvature gauge (flat gauge) ϕ = 0
Uniform-density gauge δµ = 0
Table 1: A list of popular temporal gauges and the corresponding conditions.
Except for the synchronous gauge which fails to fix the temporal gauge degree of freedom even at linear
order, the other gauge conditions completely fix the temporal (as well as the spatial) gauge degree of freedom
to all perturbation orders. We may regard any variable under such gauge conditions as gauge-invariant in the
sense that we can construct explicitly a unique corresponding gauge-invariant combination of the variables to
all perturbation orders.
4 Discussion
In this article, we have presented a complete set of exact fully non-linear equations for cosmological perturbations
of all types, including the tensor perturbation without imposing any gauge condition. Considering the tensor
perturbation and not imposing even the spatial gauge condition are the new features compared with previous
studies in the cosmological context. As our equations now consider full Einstein’s gravity without imposing any
physical or coordinate condition the equations may be regarded as a new formulation of Einstein’s gravity based
on the flat spatial metric δij in raising and lowering indices of the tensor variables appearing in the equations
with arbitrary amplitudes. The equations can also be regarded as alternative presentation of the ADM equation
with exact inverse of the intrinsic curvature, thus exact and suitable for perturbation expansion to nonlinear
orders.
In the cosmological context, given the rapid development in experiments and observations in recent years,
more precise theoretical calculations are needed to meet the level of accuracy demanded by the current and
future data set. In particular, higher-order statistics such as the bispectrum is routinely measured in current
galaxy surveys and CMB experiments. Just to compute the tree-level bispectrum, we need the second-order
equations for cosmological perturbations. While non-linear Newtonian perturbation theory is well developed,
we need fully relativistic descriptions of cosmological observables (see e.g. [23]) to provide precise theoretical
predictions such as the primordial non-Gaussianity and second-order relativistic effects. The goal in this article
is to provide general exact relativistic equations for cosmological perturbations, so that any problem involving
high non-linearity in cosmological perturbations can be solved as precisely as necessary.
We thus expect the formulation presented in this article has wide applications, not only in higher order
perturbation in cosmology, but also in different problems, e.g. relativistic clustering of matter on small scales
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where the expansion of the universe can be neglected by setting a = 1 and H = 0, in which the background is
reduced to the non-expanding Minkowski space-time. In the Minkowski background, among the gauge choices
in Table 1 we can take the first four gauges, but the uniform-curvature and uniform-density gauges are not
available [24]. Our exact fully non-linear equations describe precisely the evolution of perturbations with
arbitrary large amplitude.
By including the tensor-type perturbation, now we can handle the higher order post-Newtonian (PN) ap-
proximation using our formulation. The radiation back-reaction is known to appear from 2.5 PN order [25]. The
higher order PN approximation treated in our formulation is an interesting topic, especially in a non-expanding
background.
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